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Two configurations (i.e., finite planar point sets) are said to be of the same order
type, if there is a bijection between them which preserves orientations of triples of
points. We show a Ramsey-type result about order types which yields that any con-
figuration of a proper order type (in general position) determines l+1 distances
whose ratios fall into prescribed intervals.  1998 Academic Press
1. INTRODUCTION
1.1. The Main Result
There are several natural combinatorial equivalence relations on the class
of finite planar point configurations. In this paper we study Ramsey-type
questions involving the equivalence defined by the so-called order types.
Our paper is motivated by geometric results in Ramsey theory, especially
by the classic Erdo sSzekeres k-gon theorem [2] and by Euclidean Ramsey
theory (see [10] or [6] for a survey).
By a configuration we always mean a finite planar point set. A configura-
tion is said to be in general position if it contains no three collinear points.
Two configurations of the name size are said to be of the same order type
if there exists a one-to-one correspondence between them which preserves
orientations of triples of points (a more precise definition is placed in
Paragraph 1.3). We denote the order type of a configuration A by T[A],
i.e., T[A] is the set of all configurations of the same order type as A.
We say that a configuration B is induced in a configuration A, if BA
and conv(B) & A=B.
With this notation, the Erdo sSzekeres k-gon theorem can be formulated
as follows.
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Theorem 1 (Erdo s and Szekeres [2]). Let P be a configuration of
convexly independent points. Then there exists an integer n=n(P) such that
any configuration R in general position with at least n points contains a configu-
ration P from T[P].
Erdo s asked if the configuration P in Theorem 1 may be still required to
be induced in R. This is known to be true if |P|5 (see [11]) and false
if |P|7 (see [12]). The case |P|=6 is still open. Clearly, Theorem 1
cannot hold for convexly dependent sets. In [15] we investigated related
questions when P may be any configuration in the plane and the choice of
the configuration R is more restricted. In this paper we continue in these
investigations.
Let A and B be two configurations. We say that A is an =-approximation
of B (and that B is an =-approximation of A), if there exists a one-to-one
correspondence i between A and B such that the distance between any
point x # A and its image i(x) # B is at most =.
In [15] we proved the following Ramsey-type result.
Theorem 2 [15]. For any configuration P and for any integer k2,
there is a configuration R=R(P, k) such that for any partition of R into k
color classes there is a subset P with the following three properties:
(i) P is monochromatic (i.e., it is a subset of one of the color classes),
(ii) P and P are of the same order type,
(iii) P is induced in R.
Moreover, the set P in Theorem 2 may be required to be an affine
transform of P. The following related result is the main result of this paper.
Theorem 3. For any configuration P, for any integer k1, and for any
real number =>0 there exists a configuration R=R(P, k, =) in general
position such that, for an partition of any set R$ # T[R] into k color classes,
there is a subset P of R$ with the following three properties:
(i) P is monochromatic (i.e., it is a subset of one of the color classes),
(ii) P is an affine transform of an =-approximation of P, where the
affine transformation has determinant >0.
(iii) P is induced in R$.
Let us note that, for any configuration P in general position, Theorem 3
is a strengthening of Theorem 2 in two respects (we partition any set R$ in
T[R] instead of considering only the set R; condition (ii) in Theorem 3
(with small =>0) is stronger than condition (ii) in Theorem 2). Theorem 3
has some interesting corollaries which are described in Paragraph 1.2.
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1.2. Related Results
Several years ago Goodman, Pollack, and Sturmfels proved the following
theorem.
Theorem 4 (Goodman, Pollack, and Sturmfels [9]). For n1, let f (n)
be the smallest integer N such that for any configuration A, |A|=n, in
general position there exists a subset of the square grid N_N of type T[A].
Then there are two positive constants c1 and c2 such that
22
c 1 n f (n)22c 2 n,
for any integer n>2.
Independently, Kratochvi l and Matous ek proved the following stronger
result.
Theorem 5 (Kratochvi l and Matous ek [13]). For n>1, let f $(n) be the
smallest real number such that, for any configuration A, |A|=n, in general
position and for any $>0, there exists a configuration B in T[A] such that
the ratio between the maximum distance in B and the minimum distance in
B is smaller than f $(n)+$. Then there are two positive constants c1 and c2
such that, for any integer n>3,
22
c 1 n f $(n)22 c 2 n.
The lower bound in Theorem 5 shows that there are configurations A in
general position such that any configuration in T[A] determines a pair of
significantly different distances. On the other hand, one can ask for the
existence of a configuration A (in general position) such that any sets in
T[A] determines two or more distances which are almost equal. The
following theorem shows that it is actually possible to require more distances
whose ratios are prescribed with an arbitrary precision.
Theorem 6. For any positive integer l>0 and for any l+1 positive real
numbers =, r1 , r2 , ..., rl>0, there exists a configuration R in general position
such that any configuration in T[R] determines l+1 distances di , i=0, 1,
2, ..., l, such that |did0&ri |<= (i=1, 2, ..., l ).
Theorem 6 is a consequence of Theorem 3. It also has colored version:
Theorem 7. For any two positive integers k, l>0 and for any l+1
positive real numbers =, r1 , r2 , ..., rl>0, there exists a configuration R in
general position such that one of the color classes in any k-coloring of any
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configuration in T[R] determines l+1 distances di , i=0, 1, 2, ..., l, such
that |did0&ri |<= (i=1, 2, ..., l ).
Note that Theorems 6 and 7 do not hold with ==0 even if R is not
required to be in general position, because a suitable projective transforma-
tion preserves the order type of R but completely changes the set of all
ratios between mutual distances in R.
Theorem 6 originally motivated the research contained in this paper. We
were looking for a result implying that Theorem 2 has no higher-order
analogues:
Theorem 8 [15]. For every p2, there exists a finite planar point set
P( p) in general position with the following property; there exists a partition
( R
2
p )=C1 _ C2 of all p-element subsets of the plane into two color classes
such that no set in T[P( p)] is monochromatic.
For the sake of completeness, in Section 5 we show how to derive
Theorem 8 from Theorem 6.
1.3. Organization of the Paper and Notation
The paper is organized as follows. In Section 2 we derive Theorem 3
from Theorem 2 and from two auxiliary lemmas which are proved in Sections 3
and 4. In Section 5 we prove Theorems 6, 7, and 8.
We now precisely define the notion ‘‘order type.’’ Let p and q be any two
points in the plane. Orient the line pq so that p is a predecessor of q. Define
h+( p, q) and h&( p, q) as the open half-planes with the boundary line pq
which lie on the left side of pq and on the right side of pq, respectively.
For a configuration A, the order type of A, denoted by T[A], is defined
as the family of all sets B, |B|=|A|, such that there is a bijection i between
A and B which, for any two points p, q # A, maps points of A & h+( p, q),
A & h&( p, q), A & pq, and A & conv[ p, q] into h+(i( p), i(q)), h&(i( p), i(q)),
i( p) i(q), and into conv[i( p), i(q)], respectively. Properties of order types
have recently been intensively studied, often in context with computational
geometry; a survey on these investigations can be found in [7] or in [8].
For a finite planar point set A, the approximate order type of A is defined
as the family of all sets B, |B|=|A|, such that there is a bijection i between
A and B which, for any two points p, q # A, maps no point of A & h+( p, q),
A & h&( p, q), and A & conv[ p, q] to a point of h&(i( p), i(q)), h+(i( p), i(q)),
and of (i( p) i(q)"conv[i( p), i(q)], respectively. (Hence, on the difference
with the order type, collinear triples of points may correspond to non-
collinear triples and vice versa.) We shall denote the approximate order
type of a set A by AT[A]. Note that B # AT[A] implies A # AT[B]
but it does not have to imply AT[A]=AT[B]. On the other hand,
B # T[A] implies AT[A]=AT[B].
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A mapping T : R2  R2 is called an affine transformation, if there exist six
real numbers a, b, c, d, e, f such that ae&bd{0 and that T ((x, y))=
(ax+by+c, dx+ey+ f ), for any (x, y) # R2. Note that the inverse of an
affine transformation is an affine transformation and that the composition
of any two affine transformations is also an affine transformation. If
ae&bd>0 then T preserves order types of configurations. The determinant
| ad
b
e|=ae&bd is called the determinant of T. A set A$R
2 is called an
affine transform of a set AR2, if there exists an affine transformation T
such that A$=T (A).
The norm of a vector x # R2 is denoted by &x&.
For $>0, we set U($)=[0, $]2=[(x, y) # R2 : 0x$, 0 y$].
2. PROOF OF THE MAIN RESULT
In this section we prove Theorem 3. We begin with a short outline of the
proof. In the proof we take R as a configuration obtained by a slight
perturbation from the union of a large square grid with four shrunk copies
of R1 , where R1 is the set from Theorem 2 containing many induced affine
transforms of P. Auxiliary results show then that at least one of the copies
of R1 in any set in T[R] is approximately an affine transform of R1 . Such
a copy of R1 then contains the desired induced monochromatic affine
transform of an =-approximation of P.
We say that the vertex t of a convex quadrilateral Q=tuvw is a good
vertex, if the half-lines tu and wv do not cross and the half-lines tw and uv
also do not cross (see Fig. 1). Note that any convex quadrilateral has at
least one good vertex.
We now state two auxiliary lemmas an derive Theorem 3 from them.
Lemma 9. Let Q= p00 p10 p11 p01 be a convex, and let p00 be a good
vertex of Q. Then there exists a bijection ? : Q  U(1) with the following
three properties:
(P1) ?( pij)=(i, j), for any i, j=0, 1,
(P2) ? preserves order types (i.e., it maps points of any finite subset F
of Q to the corresponding points of a set of type T[F]),
(P3) there exists an affine transformation T with positive determinant
such that &T (?&1(z))&z&2 &z&2, for any z # U( 12).
Lemma 9 is closely related to the fundamental theorem of projective
geometry (e.g., see [3, 16, 17, or 18]). Actually, the mapping ? in it is a
projective transformation restricted to Q. Property (P3) shows that, in a
neighborhood of a good vertex of Q, the mapping ? can be approximated
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Fig. 1. t is a good vertex of the convex quadrilateral Q=tuvw.
by an affine transformation with a large precision. Lemma 9 is proved in
Section 3.
For any integer l1, let Gl be the grid (2l+1)_(2l+1) scaled so that
conv(Gl)=U(1). Thus,
Gl={\ i2l ,
j
2l+ : i, j=0, 1, ..., 2l= .
For any integer l1, let Hl be the set of all sets H # AT[Gl] in general
position such that conv(H)=conv(Gl)=U(1) and that each of the four
vertices of U(1) is mapped onto itself by the approximate-order-preserving
bijection between H and Gl . For every x # Gl and for every H # Hl , denote
by p(H, x) that point of H which corresponds to the point x # Gl . (Thus,
in particular, p(H, x)=x whenever x=(:, ;), :, ; # [0, 1].) Define the
discrepancy 2(H) of a set H # Hl as
2(H) :=max[&p(H, x)&x& : x # Gl].
Lemma 10. sup[2(H) : H # Hl]  0 as l  .
Lemma 10 shows that, for large l, any set in Hl approximates the grid Gl
with a large precision. Lemma 10 is proved in Section 4.
We are now able to prove Theorem 3. Let us remark that if we drop
condition (iii) in it, then the proof easily follows from Lemmas 9 and 10.
This can be shown as follows (sketched): Given P, k, and =, fix an arbitrary
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R # Hl , where l=l(P, k, =) is sufficiently large. Lemmas 9 (with Q=conv(R$))
and 10 show that any R$ # T[R] contains a (not necessarily induced)
affine transform of a 1-approximation (say) of a huge square grid (near a
good vertex of the quadrilateral conv(R$)). (Here the square grid is scaled
as usual, with distance 1 between pairs of closets points.) By Ramsey
theory (e.g., by the HalesJewett theorem), for any k-coloring of R$, R$
then also contains a monochromatic affine transform of a 1-approximation
of a large square grid. Since any 1-approximation of a large square grid
contains a scaled (enlarged) copy of an =-approximation of R, Theorem 3
(without condition (iii)) follows.
Proof of Theorem 3. Let P be any configuration, let k be a positive
integer, and let =>0 be a positive real number. Theorem 2 says, together
with the remark below it, that there is a configuration R0 such that some
color class of any k-coloring of R0 contains an affine transform P # T[P]
of P which is induced in R0 . We scale and perturb the set R0 so that R0
will be in general position and that diam(R0)=1300. Then we choose
$>0 so small that some color class of any k-coloring of any $-approxima-
tion A of R0 contains an affine transform of an =-approximation of P which
is induced in A. Let R1=60$ } R0 be the set R0 scaled by factor 60$. Thus,
diam(R1)=$5.
We now construct the desired set R. For each vertex v of U(1), we place
a translation copy R1(v) of R1 inside the $4-neighborhood of v so that the
convex hull of R1(v) lies outside U(1). We define R as the union of these
four translation copies of R1 with a set H # Hl , where l=l($) is sufficiently
large and
&p(H, x)&x&<$2, (1)
for all x # Gl . We claim that the set R satisfies all the required properties.
Let R$ be any set in T[R], and let R$ be k-colored. For a point x # R,
we denote the point of R$ corresponding to x by x$. For a subset S of R,
we denote S$=[x$ : x # S]. Thus, H$ is the set of the points of R$ corre-
sponding to the points of H. Let v$ # H$ be a good vertex of the quadrilateral
conv(H$), and let v # H be its counterpart in H. We denote R2=R1(v).
Lemma 9 (with Q=conv(H$) and p00=v$) shows that there are a
bijection ? : conv(H$)  U(1) and an affine transformation T with positive
determinant such that
&T (?&1(z))&z&2$2, (2)
for any z # U( 12) with &z&$. Set H0=?(H$). Obviously, H0 # Hl . By
Lemma 10, if l=l($) is sufficiently large,
&p(H0 , x)&x&<$2, (3)
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for all x # Gl . Consequently,
&p(H0 , x)&<$,
for all x # Gl with &x&$&$2. Thus, from inequality (2) (with z= p(H0 , x))
we have
&T ( p(H$, x))& p(H0 , x)&=&T (?&1( p(H0 , x)))& p(H0 , x)&2$2, (4)
for all x # Gl with &x&$&$2. It follows from the triangle inequality and
from inequalities (1), (3), and (4) that
&T ( p(H$, x))& p(H, x)&<4$2, (5)
for all x # Gl with &x&$&$2.
Fig. 2. The points a, b, c, d, e, f.
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We now show that the points of T (H$) in a neighborhood of v ‘‘force’’
T (R$2) to be a (60$2)-approximation of R2 . Let r be an arbitrary point of
R2 . Assume that v is the origin, and suppose for simplicity that r lies in
the third quadrant. Take six points a, b, c, d, e, f # H/R satisfying the
following conditions (see Fig. 2):
(i) The points c, f lie in the ($&2$2)-neighborhood of v and outside
the ($&5$2)-neighborhood of v,
(ii) the points a, b are separated by the line cr, and the points d, e
are separated by the line fr.
(iii) the points a, b in the (10$2)-neighborhood of the point (0, 12 $)
and in the (3$2)-neighborhood of the line cr,
(iv) the points d, e lie in the (10$2)-neighborhood of the point ( 12 $, 0)
and in the (3$2)-neighborhood of the line fr.
For l=l($) sufficiently large, the existence of such points a, b, c, d, e,
f # H follows from inequality (1).
Since R$ belongs to T[R], T (r$) lies in the quadrilateral D determined
by the lines a$c$, b$c$, d $f $, and e$f $. By inequality (5),
&a&a$&<4$2, &b&b$&<4$2, &c&c$&<4$2,
&d&d $&<4$2, &e&e$&<4$2, & f& f $&<4$2.
It is now easy to see that quadrilateral D lies entirely inside the (60$2)-
neighborhood of r. Thus, T (r$) also lies in the (60$2)-neighborhood of r,
and T (R$2) is a (60$2)-approximation of R2 .
If we scale T (R$2) by factor 1(60$), we get a $-approximation of R1 .
Thus, R$2 is an affine transform of a $-approximation of R1 . Now, it follows
from the definition of $ that R$2 /R$ contains an induced monochromatic
affine transform of an =-approximation of P. Theorem 3 follows. K
3. PROOF OF LEMMA 9
Let Q= p00 p10 p11 p01 be a convex quadrilateral, and let p00 be a good
vertex of Q. If the lines p00 p10 and p01 p11 intersect, then we denote their
point of intersection by r. If the lines p00 p01 and p10 p11 intersect, then we
denote their point of intersection by s.
First, suppose that both the points r and s exist. We embed the plane 9
containing Q into the three-dimensional Euclidean space R3. Let c be an
arbitrary point in R3"9. Let 7 be a plane which separates the line rs from
Q and which is parallel to the plane containing the points r, s, and c.
Then the central perspectivity . : 9"rs  7 with center c maps Q to a
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parallelogram in 7 which we denote by P. (Recall that, for any x in 9"rs,
.(x) is the point in which the line xc intersects the plane 7.) If we suitably
orient the plane 7, then . preserves order types of all triples of points of
Q. It follows that there exists an affine transformation W which maps
the parallelogram P to the square U(1) so that the mapping ?=W. has
properties (P1) and (P2). Moreover, ? is a bijection between Q and U(1).
If one of the points r and s, say s, does not exist, then we can proceed
as above with the exception that instead of the line rs we always consider
the line through r which is parallel to the lines p00 p01 and p10 p11 . If none
of the points r and s exists, then Q is a parallelogram, and the bijection ?
(with properties (P1) and (P2)) can be found as a suitable affine transfor-
mation.
It remains to show that the bijection ? constructed as above has property
(P3). For any :, ; # [0, 1], set p:, ;=?&1((:, ;)). This definition is in
accordance with the requirements on p00 , p10 , p11 , and p01 .
Suppose first that p00=(0, 0), p10=(d, 0), p01=(0, e), p11=( f, f ), where
d, e, f # R+. Since p00 is a good vertex, we have fmax[d, e]. It is
apparent from the construction of ? that it is a projective transformation
restricted to Q. We express the points in the plane in the natural homo-
geneous coordinates (e.g., see [3]). The mapping ? is a restriction of a
projective transformation P satisfying
P( p00)=P((0, 0, 1))=(0, 0, 1)
P( p10)=P((d, 0, 1))=(1, 0, 1)
P( p01)=P((0, e, 1))=(0, 1, 1)
P( p11)=P(( f, f, 1))=(1, 1, 1).
The mapping ?&1 is a restriction of a projective transformation P&1
satisfying
P&1((0, 0, 1))=(0, 0, 1)
P&1((1, 0, 1))=(d, 0, 1)
P&1((0, 1, 1))=(0, e, 1)
P&1((1, 1, 1))=( f, f, 1).
The unique projective transformation satisfying these equations is the
transformation P&1 with
P&1((x, y, z))=\x, y, \1f &
1
e+ e+\
1
f
&
1
d+ y+\
1
d
+
1
e
&
1
f+ z+ ,
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for any (x, y, z) in the real projective plane. Thus, in the Cartesian
coordinates,
?&1((x, y))=
1
\ 1f &
1
e+ x+\
1
f
&
1
d+ y+\
1
d
+
1
e
&
1
f+
(x, y)
for any (x, y) # U(1). Now, if T0 is the affine transformation with
T0((x, y))=\1d+
1
e
&
1
f+ (x, y)
for (x, y) # R2, then
T0?&1((x, y))=
1
d
+
1
e
&
1
f
\ 1f &
1
e+ x+\
1
f
&
1
d+ y+\
1
d
+
1
e
&
1
f+
(x, y),
for any (x, y) # U(1). It follows that, for any (x, y) # U( 12),
&T0?&1((x, y))&(x, y)&
=\
1
d
+
1
e
&
1
f
\ 1f &
1
e+ x+\
1
f
&
1
d+ y+\
1
d
+
1
e
&
1
f+
&1+ &(x, y)&
\
1
d
+
1
e
&
1
f
\\1f &
1
e++\
1
f
&
1
d++ min[x, y]+\
1
d
+
1
e
&
1
f+
&1+ &(x, y)&
\ 11&min[x, y]&1+ &(x, y)&=
min[x, y]
1&min[x, y]
&(x, y)&

&(x, y)&
0.5
&(x, y)&=2 &(x, y)&2.
Now, let Q= p00 p10 p11 p01 be any convex quadrilateral with the good
vertex p00 . Then it is not difficult to show that there exists an affine
transformation T1 with
T1( p00)=(0, 0), T1( p10)=(d, 0), T1( p01)=(0, e), T1( p11)=( f, f ),
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where d, e, f # R+. Certainly, T1( p00) is a good vertex of the quadrilateral
Q$=T1( p00) T1( p10) T1( p11) T1( p01).
Hence, we can find the projective transformation T0 for Q$ as above. Since
?T &11 : Q$  U(1) is the mapping (projective transformation) satisfying
properties (P1) and (P2) for the quadrilateral Q$, we have from above
&T0T1?&1((x, y))&(x, y)&=&T0(?T &11 )
&1 ((x, y))&(x, y)&2 &(x, y)&2,
for any (x, y) # U( 12). Lemma 9 (with T=T0 T1) follows.
4. PROOF OF LEMMA 10
Define
G= .

l=1
Gl .
The proof of Lemma 10 relies on the following lemma:
Lemma 11. Let ? : G  U(1) be a mapping of G to U(1) with the following
three properties:
(P1) ?((i, j))=(i, j), for any i, j=0, 1.
(P2) ? maps points of any finite subset F of G to the corresponding
points of a (multi)set of approximate type AT[F].
(P3) ? does not map all points of G & IntU(I ) only to points on one
of the diagonals of U(1).
Then ? is the identity on G.
Proof. Let ? : G  U(1) be a mapping satisfying conditions (P1)(P3)
in Lemma 11. We first show that ? maps any point of G lying on any side
of U(1) to a point on the same side of U(1). Let | be a point of G lying
on the side (0, 0)(1, 0) of U(1), say. Suppose for a contrary that ?(|) does
not lie on the segment (0, 0)(1, 0). Denote the triangle (0, 0)(1, 0)( 12 ,
1
2) by
T1 , the triangle (0, 0)( 12 ,
1
2)(0, 1) by T2 , the triangle (1, 0)(
1
2 ,
1
2)(1, 1) by T3 ,
and the triangle (0, 1)( 12 ,
1
2)(1, 1) by T4 ; see Fig. 3. Let [ui]

i=1 be a
sequence of points of G & Int(T1) which converges to (0, 0), and let [vj]j=1
be a sequence of points of G & Int(T2) which converges to (0, 0). Moreover,
let the angle Mui (0, 0) vi converge to ?2 as i tends to infinity; see Fig. 4.
There are subsequences [uik]

k=1 , [vjk]

k=1 such that each of the sequences
[?(uik)]

k=1 , [?(vjk)]

k=1 converges to a point. Let u and v be the points to
99A RAMSEY PROPERTY OF ORDER TYPES
File: 582A 282013 . By:XX . Date:08:12:97 . Time:09:42 LOP8M. V8.B. Page 01:01
Codes: 1450 Signs: 777 . Length: 45 pic 0 pts, 190 mm
Fig. 3. The triangles T1 , T2 , T3 , T4 .
which the sequences [?(uik)]

k=1 and [?(vjk)]

k=1 converge, respectively.
Since ?((i, j))=(i, j) for i, j=0, 1, condition (P2) implies that u lies in T1
and v lies in T2 .
We now show that u=v or that the points u, v lie on the diagonal
(1, 0)(0, 1). Suppose for a contrary that this is not true. Then the line uv
does not contain one of the points (1, 0), (0, 1). Without loss of generality,
suppose that it does not contain the point (1, 0). Then there exists k0 such
that, for any k, k$, kk0 , k$k0 , the point ?(uik) lies always strictly on the
same side of the line (1, 0) ?(vjk$). It implies that, for any k, k$, kk0 ,
k$k0 , the point uik lies always on the same side of the line (1, 0) vjk$ . This
Fig. 4. The sequences [ui], [vi].
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is, however, impossible. Thus, u=v or the points u, v lie on the diagonal
(1, 0)(0, 1). We now differ between these two cases.
First, let u=v. Then u=v lies on the diagonal (0, 0)(1, 1). It follows
from condition (P2) for the sets F=[uik , |, (1, 0)], k # N, that u=v does
not lie strictly below the line ?(|)(1, 0). Thus, u=v{(0, 0). Consequently,
it follows from condition (P2) for the sets F=[(0, 0), uik , vik , q], k # N,
q # G & Int(U(1)), that ? maps all points of G inside U(1) to the diagonal
(0, 0)(1, 1). Thus, condition (P3) is false in this case.
Second, let the points u, v lie on the diagonal (1, 0)(0, 1). Then all points
of G inside the triangle T1 _ T2 are mapped to points on the diagonal
(1, 0)(0, 1) (if w was a point violating this statement, then condition (P2)
would not hold for the set F=[(1, 0), (0, 1), w, uik] for any sufficiently
large k). It further follows from condition (P2) for the set F=[(0, 0), (1, 1),
uik , w], k # N, w # G & Int(T1), that all points of G inside T1 are mapped to the
point u. Similarly, all points of G insides T2 are mapped to the point v. Condi-
tion (P2) for the sets F=[w, w$, (1, 1)], w # G & Int(T1), w$ # G & Int(T3),
implies that all points of G inside the triangle T3 are mapped to points on the
segment u(1, 1), and thus to a single point, u$, on that segment (by condition
(P2) for the sets F=[w, w$, (1, 0), (0, 1)], where w, w$ # G & Int(T3) and ww$
does not intersect the segment (1, 0)(0, 1)). Similarly, all points of G inside the
triangle T4 are mapped to a single point, v$, on the segment v(1, 1). By condi-
tion (P2) for the sets F=[(1, 0), (0, 1), w, w$], w # G & Int(T3), w$ # G &
Int(T4), the points u$, v$ lie on the diagonal (1, 0)(0, 1). Thus, u=u$ and v=v$.
It follows that ? maps all points of G inside U(1) to the diagonal (1, 0)(0, 1).
Again, condition (P3) is false.
Thus, we have shown by a contradiction that ? maps any point of G on
any side of U(1) to a point on the same side of U(1). We now show that
? maps any triple of collinear points to points on a line.
Suppose for a contrary that a, b, c are three collinear points of G such
that ?(a), ?(b), ?(c) are not collinear. Without loss of generality, let c lie
on the segment ab. Since the sides of U(1) are mapped into themselves, the
line ab contains none of the sides of U(1). Therefore, there are two opposite
vertices of U(1) which are separated by the line ab. Without loss of
generality, assume that the line ab separates the vertices (0, 0) and (1, 1).
Let S be the strip bounded by the line ?(a) ?(b) and by the line through
?(c) parallel to the line ?(a) ?(b). By condition (P2) for the sets F=
[a, b, c, w], w # U(1)"ab, ? maps no point outside the line ab to a point in
the interior of S. More precisely, points (strictly) on one side of ab are
mapped to points on one side of S, and points (strictly) on the other side
of ab are mapped to points on the other side of S. We now prove by a
contradiction that all points of G inside U(1) are mapped to the diagonal
(0, 0)(1, 1). Suppose for a contrary that some point d # G inside U(1) is
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mapped to a point ?(d) above the diagonal (0, 0)(1, 1), say. The line ab
intersects one of the segments (0, 0)(1, 0) and (0, 1)(1, 1). Without loss of
generality, assume that it intersects the segment (0, 0)(0, 1). Take two
sequences [ui]i=1 , [vi]

i=1 of points inside U(1) with the following five
properties (see Fig. 5):
(i) u1 lies above the line (0, 0) d,
(ii) each ui lies on the same side of the line ab as (1, 1),
(iii) each vi lies on the same side of the line ab as (0, 0),
(iv) each vi lies above the line (1, 1) ui ,
(v) each ui+1 lies above the line (0, 0) vi .
It is not difficult to see that there is no possibility of placing all the
points ?(ui), ?(vi) in U(1) so that all the sets [(0, 0), d, u1], [a, b, c, ui],
[a, b, c, vi], [(1, 1), ui , vi], [ui+1 , vi , (0, 0], i # N, obey condition (P2) (see
Fig. 5). Hence, all points of G inside U(1) are mapped into the diagonal
(0, 0)(1, 1), which contradicts condition (P3). Thus, ? maps any triple of
collinear points into a line.
For any (:, ;) # G, set z:;=?((:, ;)). We know that z:;=(:, ;), for
:, ; # [0, 1]. From z(12)(12)=z00 z11 & z10z01 we obtain z(12)(12)=( 12 ,
1
2).
Denote z(12) 0=( 12+=1 , 0) and z0(12)=(0,
1
2+=2). We now show that =1=
=2=0.
Without loss of generality, we suppose that |=1 ||=2 |. Certainly, |=1 |< 12,
since otherwise we would get a contradiction with condition (P3). We have
z(12) 1=z(12) 0z(12)(12) & z01z11 =( 12&=1 , 1),
z(14)(12)=z00z(12) 1 & z(12) 0z01 =( 14&=
2
1 ,
1
2+=1).
Fig. 5. A triple of collinear points is not mapped into a line.
102 NES8 ETR8 IL AND VALTR
File: DISTIL 282016 . By:DS . Date:11:12:97 . Time:13:13 LOP8M. V8.B. Page 01:01
Codes: 2851 Signs: 1512 . Length: 45 pic 0 pts, 190 mm
It follows that =1==2=0, since otherwise the point z(14)(12) would not lie
on the line z0(12)z(12)(12) . Thus, z:;=(:, ;), for :, ; # [0, 12 , 1]. We iterate
the same method for each of the four square determined by the sides of
U(1) and by the two line segments z(12) 0z(12) 1 and z0(12)z1(12) . We obtain
z:;=(:, ;) for :, ; # [0, 14 ,
2
4 ,
3
4 , 1]. Repeated iterations of the same method
further give z:;=(:, ;) for all (:, ;) # G. This gives Lemma 11. K
Proof of Lemma 10. For every l1, fix an arbitrary set Hl # Hl such
that
2(Hl) 12sup [2(H) : H # Hl].
Denote the points of the set G=l=1 Gl by x1 , x2 , x3 , ... (in an arbitrary
order).
Since U(1) is compact, there exists an infinite sequence of natural
numbers
N1 : l1, 1<l1, 2<l1, 3< } } }
such that the sequence of points
p(Hl1, 1 , x1), p(Hl1, 2 , x1), p(Hl1, 3 , x1), ...
has a limit point which we denote by ?(x1).
Further, the sequence N1 has an infinite subsequence
N2 : l2, 1<l2, 2<l2, 3< } } }
such that the sequence of points
p(Hl2, 1 , x2), p(Hl2, 2 x2), p(Hl2, 3 , x2), ...
has a limit point which we denote by ?(x2).
Proceeding further, we can find infinite sequences of positive integers
N1 $N2 $N3 $ } } } such that, for any i=1, 2, 3, ..., the sequence of points
p(Hli, 1 , xi), p(Hli, 2 , xi), p(Hli, 3 , xi), ...
has a limit point which we denote by ?(xi). In this way we obtain points
?(x1), ?(x2), ?(x3), ... which determine a mapping ? : G  U(1). Obviously,
? satisfies all the assumptions of Lemma 11. Thus, ? is the identity on G.
Standard arguments then give, for any l0 # N,
max[&p(Hl , x)&x& : x # Gl0]  0 as l  .
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It follows from condition (P2) that there is a constant c>0 such that, for
any ll00,
2(Hl)max[&p(Hl , x)&x& : x # Gl0]+
c
2l0
.
Consequently,
2(Hl)  0 as l  .
Lemma 10 follows. K
5. PROOFS OF RELATED RESULTS
In this section we prove Theorems 6, 7, and 8.
Proof of Theorems 6 and 7. We prove Theorem 7 which is a generaliza-
tion of Theorem 6. Let G be any configuration of points on a line determining
distances 1, r1 , ..., rl , and let G$ be a configuration in general position
obtained from G by a small perturbation so that it determines l+1 distances
d0 , d1 , ..., dl with |(did0)&ri |<=10 (i=1, 2, ..., l ), say. Further, let G" be
a configuration obtained from G$ by a rotation by the angle ?2. Put
H=G$ _ G". It is not difficult to show that there is a constant =0>0 such
that any affine transform of any =0 -approximation of H determines l+1
distances d0 , d1 , ..., dl with |(di d0)&ri |<=. Thus, Theorem 7 holds with
R=R(H, k, =0), where R(H, k, =0) is the set from Theorem 3. K
Proof of Theorem 8. We follow [15]. First we prove Theorem 8 for
p=2. Let P be a set satisfying Theorem 6 for l=2, ==0.01, r1=1.9, and
r2=2.5. We find a 2-coloring of all pairs of points of the plane such that
no set of order type T[P] has all pairs colored by the same color. A pair
(x, y) # ( R
2
2 ) of points in the plane is colored blue if the distance between x
and y belongs to some interval [2t, 2t+1), where t is an even integer.
Otherwise (x, y) is colored red.
Now, let P$ be a set of order type T[P] and let di , i=0, 1, 2, be the
three distances in P$ ensured by Theorem 6. Thus, |(d1 d0)&1.9|<0.01
and |(d2 d0)&2.5|<0.01. If the two pairs of points determining d0 and d1
are colored by the same color, then the numbers d0 and d1 belong to same
interval [2t, 2t+1), t # Z, and, consequently, d2 belongs to the next interval
[2t+1, 2t+2). It follows that all the three pairs determining the distances d0 ,
d1 , d2 cannot be colored by the same color. Theorem 8 for p=2 follows.
Now, let p>2. Fix an arbitrary linear order O of the points of the
plane, and color every p-tuple of points of the plane by the color in which
the pair of the two smallest (in the order O ) points of the p-tuple
was colored above. A short argument shows that Theorem 8 holds for this
2-coloring and for the set P( p)=P obtained from Theorem 6 for l=3p&4,
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==0.01, r1= } } } =rp&2=1, rp&1= } } } =r2p&3=1.9, and r2p&2= } } } =
r3p&4=2.5. K
Concluding Remarks. (1) It would be interesting to find an upper
bound on the minimal size of the set R in Theorem 3 in terms of |P|,
(diam P)=, and k. We recall from [15] that the minimal size of the set R
in Theorem 2 is bounded from above by a primitive recursive function (in
|P| ). This bound can be lowered to |P|k if P is in general position and
condition (iii) in Theorem 2 is deleted. We conjecture that for a set P in
general position it is possible to show Theorem 3 without condition (iii) with
|R|O( |P|k+((diam P)=)c). However, our proofs fails to show any bound
on |R|, since we have no estimate how quickly the term sup [2(H) : H # Hl]
in Lemma 10 converges to 0.
(2) Using the density version of Theorem 2 (see [15]), it can be
proved that the density version of Theorem 3 holds (i.e., Theorem 3 holds
also if we take only a positive fraction of R$ instead of R$ in it).
(3) It is not difficult to see that Theorems 3, 6, 7, and 8 can be
extended to higher dimensions in a natural way.
(4) It easily follows from our proof that the distances di in Theorem 6
(or in Theorem 7) may be required to be determined (a) by pairwise
disjoint pairs of points, or (b) by distances from the same point. Moreover,
one may still require that the set of points determining the distances di is
induced and convexly independent.
(5) The following result can be proved from Theorem 3 in a similar
way as Theorem 6.
Theorem 12. For any integer t>0 and for any real number =>0, there
exists a configuration A in general position such that any set in T[A] can
be scaled so that it will contain t points which form an =-approximation of a
set congruent to the set Lt=[(i, 0) : i=0, 1, ..., t&1].
Theorem 12 has also a colored version.
(6) The remark after Theorem 2 implies that for any k-coloring of
the plane one color class contains an affine transform of any configuration.
If we allow only congruences instead of affine transformations, then an
analogue of Theorem 3 is false already for |P|=2 and k=7 or for k=2
and P=[vertices of an equilateral triangle] (e.g., see [10] or [6]). One
can still compare with the following two results of Fu rstenberg, Katznelson,
and Weiss [4].
Theorem 13 [14]. For any k-coloring of the plane there is a l0 such that
for any real ll0 one color class contains two points at distance l.
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Theorem 14 [4]. For any k-coloring of the plane and for any 3-point
configuration T, there is a number l0 such that for any real ll0 one color
class contains a monochromatic =-approximation of a set congruent to lT.
Theorems 13 and 14 are proved in [4] by means of ergodic theory.
Theorem 13 was also proved by their methods by Bourgain [1] and by
Falconer and Marstrand [5]. Bourgain [1] have also a refinement of
Theorem 13 in higher dimensions. It would be interesting to prove Theorem 3
(at least without condition (iii)) also by means of ergodic theory. However,
the acceptance of affine transforms might cause difficulties here.
(7) Another often studied equivalence on the class of planar configu-
rations is the so-called combinatorial equivalence. To a configuration A of
n points denotes 1, 2, ..., n and to any line l not perpendicular to a line
trough a pair of points of A, we can assign a permutation p(A, l ) on the
set [1, 2, ..., n] induced by the linear order of points 1, 2, ..., n after they are
perpendicularly projected to l. Then, to the configuration A we can assign
a circular sequence p(A) of the permutations p(A, l ) on the set [1, 2, ..., n],
where the order of permutations p(A, l ) corresponds to a rotation of l in
the counterclockwise order. Two configurations A, B are called combinato-
rially equivalent, if the circular sequences p(A), p(B) are equal (see [7] or
[8]).
Following ideas from [15], it can be shown that Theorem 2 holds also
with condition (ii) replaced by the condition.
(ii)$ P and P$ are combinatorially equivalent.
For configurations P in general position (by general position we now mean
that no three points lie on a line and no two pairs of points determine
parallel lines) this result is still weaker than Theorem 3.
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